
ILMLjV

eqL
  

)2( 21  
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When the voltages and currents are 

sinusoidal, we work in the phasor 

domain where the coupling equations 

become: 

2212

2111

ILjMIjV

MIjILjV









2212

2111

ILjMIjV

MIjILjV









Example 10.3 – Equivalent 

inductance of two mutually coupled 

coils (Cases 2 and 3) 

CASE 2 21 VVV 

ILjMIjV

MIjLjV

22

11









Leq  0 imposes a physical constraint 

on the value of M. 

 1V  2V

CASE 3 

V V
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2212

2111

ILjMIjV

MIjILjV









1221 IIIIII 

221

211

ILjMIjV

MIjILjV









)(

)(

121

111

IILjMIjV

IIMjILjV









ILjIMLjV

MIjIMLjV

212

11

)(

)(









)/(

)/(

1

2

ML

ML





 IMLLMLMjVMLL )()()2( 12221  

I
MLL

MLL
jV

eqL


221

2

21




 

Example 10.4 – Output voltage of a 
circuit with two coupled coils 

Example 10.5 – Mesh equations of a 
three-mesh circuit with 2 coupled 
coils 

E 10.2 – Currents and output voltage 
in a circuit with two coupled coils 





1V





2V

1. Define variables for coupled inductors 

2. Loop equations: 04 11  IVVS

0)42( 22  IjV

212

211

8

4

IjjIV

jIIjV



3. Coupled inductors 

equations: 

0)42(

)44(

21

21





IjjI

VjIIj S4. Replace and 

rearrange: 

SjVIjj  2))21)(1(81(
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j

jV
I S

247
2




j724

024






j

j











26.1625

024

)(26.1696.02 AI 

2121 )42(/0)42( IjjIjIjjI 

 26.1696.043.6347.49011I

)(17.13729.41 AI 

 26.1696.049014 20 IjV

)(26.10684.30 VV 

4. Deduce I2, I1, 

andV0,: 

E 10.3 – Two-mesh Circuit 

1. Define variables for coupled inductors 

2. Loop equations in terms of inductor 

    voltages: 

0)( 111212  IRVIIRVa

0)( 122123  IIRVIRVb

3. Equations for coupled inductors: 

)( 211 IMjILjVa  

)( 221 ILjMIjVb  

4. Replace into loop equations and  

    rearrange: 

    1221121 VIMjRILjRR  

    1223212 VILjRRIMjR  
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Example 10.6 – Impedance Seen by 
Source 

)(13  jZS )(11  jZL

)(21  jLj )(22  jLj

)(1  jMj

SS VVIZ  11

1. Variables for coupled inductors:  

2. Loop equations in terms of coupled 

    inductors voltages: 

022  IZV L

3. Equations for coupled inductors: 

)( 2111 IMjILjV  

)( 2212 ILjMIjV  

4. Replace and do the algebra: 

 

0)()(

)(

221

211





ILjZIMj

VIMjILjZ

L

SS





Mj

LjZL





/

)/( 2





 
SL

LS

VLjZ

IMjLjZLjZ

)(

)())((

2

1
2

21









2

2

1

1

)(
)(

LjZ

Mj
LjZ

I

V
Z

L

S
S

i








11

)1(
33

2

j

j
jZi




j
j




1

1
33

j

j






1

1

)(5.25.3
2

1
33 


 j

j
jZi

)(54.3530.4 iZ
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E 10.4 – Impedance Seen by Source 

)(12  jZS )1||2(2 jjZL 

)(22
2

2 


 j
j

ZL

1I





1V





2V
2I

SV

2

2

1

1

)(
)(

LjZ

Mj
LjZ

I

V
Z

L

S
S

i








 
jj

j
jjZi

2)22(

)1(
2)12(

2




)21(2

1
)2(

j
j




)21(

)21(

j

j






)(8.01.2
)21(2

21
2

2





 j

j
jZi

)(85.2025.2 iZ

022

11





IZV

VIZV

L

SS

2212

2111

ILjMIjV

MIjILjV









1. Variables for coupled inductors 

2. Loop equations 

3. Equations for coupled inductors 

4. Replace and do the algebra 
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In the following, a small experiment 

will be conducted on the above circuit, 

where the two coils, L1 and L2, are 

mutually coupled. The experiment will 

be conducted in two phases: 

In this phase, we leave the right side 

terminal open, i.e. i2(t) = 0, and we 

increase the current i1(t) from 0 to 

some value I1. In this case, whereas the 

power   associated  with  the  right  side 

will be zero, the instantaneous power 

at the left-side terminals could be 

calculated as: 

)()()()( 1
1

111 ti
dt

di
Ltitvtp 










When i1(t) reaches I1 at a certain time, 

t1, the energy stored within the 

coupled circuit could be found as: 

2

11
0

111
0

11
2

1
)()()()(

11

ILtditiLdttitv
It

 
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In this phase, while holding i1(t) 

constant at I1, we increase the current  

i2(t) from 0 to a certain value I2. 

Consequently, we could calculate the 

energy associated with the right-side 

terminals: 

21
0

21

1
2

11

2

2

1

2

1

)()(

IMIdiMI

dtI
dt

di
Mdttitv

I

t

t

t

t









At the same time, it is possible to 

calculate the voltage and the energy 

at the left-side terminals: 

dt

di
M

dt

di
M

dt

di
Ltv 221

11 )( 

since i1(t) remains constant at I1, and:  

2

22
0

22222
2

1
)()()()(

22

1

ILtditiLdttitv
It

t  

The total energy stored in the circuit 

from time zero until time t2 passing by 

time t1 is: 

21

2

22

2

11
2

1

2

1
IMIILILw 

If the dot on one of the coils is 

reversed, however, we could calculate 

the total energy to be: 

21

2

22

2

11
2

1

2

1
IMIILILw 

Also, for an arbitrary time, t, the 

expression of the total energy could be 

shown to be: 

    )()()(
2

1
)(

2

1
)( 21

2

22

2

11 titMitiLtiLtw 

Since the two coils represent a passive 

network, this energy must by 

nonnegative: 
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To the expression of the instantaneous 

energy, we can add and subtract the 

following term: 

2

1

2

2

2

1
i

L

M

After rearranging, we find the 

following expression: 

2

1

2

22

2

1

2

2

1
2

1

2

1
)( 

















 i

L

M
iLi

L

M
Ltw

Since the second term in the above 

equation is a square, we deduce that 

the condition for w(t) to be nonnegative 

is: 

21LLM 

which specifies an upper limit on the 

value of M. 

If we define the coefficient of coupling 

as: 

21LL

M
k 

The condition on the coefficient of 

coupling could be stated as: 

10  k

Hence, this coefficient indicates how 

much flux in one coil affects the other 

coil , and vice versa. For k = 0, there is 

no coupling between the two coils, and 

for k = 1, the two coils are said to be 

fully coupled. In this respect, if k > 0.5 

the two coils are said to be tightly 

coupled, whereas if k < 0.5 the two 

coils are said to be loosely coupled. 
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Example 10.7 – Calculation of 
Stored Energy 

E 10.5 – Calculation of Stored 
Energy in Mutually Coupled Coils 

)(
2

1
)()()(

2

1
)( 2

2221

2

11 tiLtitMitiLtw 

)(37760 1 sHzf 

211 )(00528.02 LHLL 

)(00264.0 HM 

 3012)12(2 211 IjIjI

0)22()21( 221  IjIjIj

02

3012)22(

21

21





IjI

jIIj

 3012)5.022( 1Ij

12 5.0 jII 











66.3820.3

3012

25.2

3012
1

j
I

)(66.875.3 A





66.98875.1

66.875.3905.05.0 12 jII

Go back to time domain: 

))(66.98377cos(875.1)(

))(66.8377cos(75.3)(

2

1

Atti

Atti





 216)(77.3(sec)010.0sec)/(377 radrad

)(86.0)010.0( and )(3.3)010.0( 21 AiAi 

)()86.0(*00528.0*5.0

)86.0)(3.3(*00264.0

)3.3(*00528.0*5.0)010.0(

2

2

J

w







)86.0)86.0)(3.3(3.3(*00264.0)010.0( 22 w

mJJw 38038.0)010.0( 


